Name

MTH 1002 - Calculus 2

PRACTICE EDVANCED STANDING EXAM

No books, no notes and no calculators permitted. Show all work.

[200 pts total]

1. Make a sketch and label the intersection points of the region bounded by x+y =6and y = E .
X

Set up the integral and evaluate to find the area of the region. [9 pts]

(1.5

.0

X+y=6 = y=—X+6
—X+6=5% = —x*+6x=5
x* —6x+5=0 = (x-5)x-1)=0 = x=5and x=1

[[r]-[B]dx

L X+6|—|2dx = = X+6-5x"dx 5 pts formula/setup
x=1 X x=1

——1x2+6x-5In x|
=[-2+30-5In5]-[-3+6-5In]]
=-2+30-5In5+1-6+0

4 pt evaluate
=24-2%2-5In5=24-12-5In5=12-5In5

2. Setup the integral to find the volume of the solid generated when the area between the curves of y = 2x,
y =5x, Xx=0,and x =1 is rotated around the x-axis. [9 pts]
(NOTE: You do NOT have to evaluate the integral and get a number. Just setup the integral. That is enough.)

By Disks : LX::ﬂ([SX]Z —[2x]? )dx or I ::;:(ZSXZ —4x Jx = :::217zx2dx
or 9 pts
By Shells : [ 223 y]-[3 vy + [ 2ay([]- [t y])iy

3. Setup the integral to find the volume of the solid generated when the region bounded by the graphs of y = x°,

the x-axis, X =4, and X =5 is rotated around the line X =2. [9 pts]
(NOTE: You do NOT have to evaluate the integral and get a number. Just setup the integral. That is enough.)

R

g

/

Off - Center Shells :
Or
Off - Center Disks : I

"270(x — 2)x2dx 9 pts

X=4

-1 -y -1 Yoy [ 51T -[a-1F by

y=64



Evaluate the following antiderivatives:

4. Ixezx dx u=x du=21dx V=1e* dv = e?dx
[10 pts]

Ixezxdx =x-1e* —I%ezx -1dx 6 pts formula/setup

1 xe* —f%ezxdx =1xe* —1e* +C 4 pt final antideriv & ans

5. _[coss xsin ® x dx
[10 pts]

_[coss X-sin 2 X-sin xdx=.fcos8 X-(1—cos? x)-sin xdx 3 pts split off one sin & convert others
=COS X

=—sin x = —1du = sin xdx

" :>:>Iu8 -(1—u2)-—1du 3 pts u-sub (omit if direct to antideriv)
dx
j {1-u?)du = j u® +udu=—1u®+2u =—1(cosx)’ +L(cosx)*+C 2 pts antideriv & 2 pts back to x’s

L g
x24/81+ x?

[15 points]

If X=9tan@d then dx=9sec® &lo
3 pts trig choice

(Gtnof Y1 Gwmo) 3 pts good sub
I(Qtana)mgsec 0do 3ptsg

1 9 I S—
.[81tan20 81+81tan® 6 SEC Bdg IBltan 9\/811+tan 0
9sec? 0dO = j seeo_gg— (Lo, 1 qg_ I <00 g J‘A._.Wwdg 3 pts reduce correctly after sub

9sec’ 9 dé = _[ 95ec2¢9d9=j 9sec’0de (OK to omit abs val)

1
81tan? @ Slsecz 81tan® g|9secd)|

_ 1
.[sltanza-gsecs 81tan® 6 81 sin%e 6059 81 sin%g 81 sing sind

=J%csc€cot6d9———csc¢9+c 3 pts antideriv

x=9tan® = tanfd=% = OPP=x and ADJ=9 and HYP =+81+x* (OK to explain by drawing triangle)
=-Lcscd+C
o 3 pts back to x’s

— _ 1 V8ux®
- 81 X +C



2
7 [ACr2xc3y
X(x* +1)
[15 pts]
A BX+C _ A +1)+(Bx+C)x
x  x*+1 x(x? +1)
4x% +2x+3 = A(x? +1)+ (Bx + C)x
@x=0 :>3=A(1)+(0+c)o :>3 A+0 = A=3
@x=1 = 9=A(2)+(B+C)-1 = 9=2[3]+B+C = 9=6+B+C = B+C=3
@x=-1 = 5=A(2)+(-B+C)--1 = 5=2[3]+B-C = 5=6+B-C = B-C=-1

9 pts decomp

B+C=3

B-C=-1

2B=2 = B=1=C=2

4x* +2x+3

[ dx= [ 4+ 2 dx
X(x° +1)

=[2+ 25+ 0k =[3-2+4 20 +2. L dx 6 pts integration

X2+ X241

=3In(x)+4In(x? +1)+ 2Arctan (x)+ C

[“2ax=lim ["Lax 3 ptsrewrite as limit
4 L—>+o0 J4 */7

im 2x|; 3 pts antidiff

L+

lim x7dx: lim 2x2 :|

L+ J4 L+

= lim 2V ~2V4)= lim (2VL ~4)= 2/ ~4= -4 = o= Diverge 3 pts take lim & final ans



Solve the following differential equation by the method of integrating factors.
dy sec’ X
0. X—+4+3y=—7+—

dx x?
[12 pts]
; :
atiy="a
LF. = el” el —esm g _ 3
d 2
= X (@ 2y)=xt ()
3 dy

x® ¥ 13x%y =sec’ x

dx
’

(xsy) =sec’ x

x%y =.|.secz xdx

x®y =tan x+C

y="9%+35

X3

2 pts divide & 5 pts int fact & 5 pts rewrite/integrate

10. Setup, but do not evaluate, an integral to find the arclength of the following:
x =y?+5 from (6,1) to (14,3)
[9 pts]

_1
2

x=y?+5=> & =2y or x=y2+5=y=(x-5) =% =1(x—-5)

j;ﬂM+pyrdy=j£?h+4f(w j:fJL+Eu—5yﬂzdx=ﬂjﬂh+§&—5f¢k

9 pts (2 pts limits & 3 pts root and “1+” term & 4 pts deriv squared)

11. Set-up and evaluate (you do have to complete the integral and get a numeric answer) the definite integral that
represents the area of the surface generated by revolving the given curve about the y-axis:

X=3t and y =4t with 0<t<2
[10 pts]
x=3t=>%=3
d
y=4t=>3 =4

[ 2] +[4]" dt =] 6tzo+16 o
= [“etzV25dt=[" 6tz 5dt=[ 30tz
t=0 o o

=15t°z] "> = [607] [0] =607
10 pts (2 pts derivs & 2 pts setup & 4 pts antidiff properly & 2 pts plugin)



12.  Graph the polar functions r =3 and r =2+ 2cos @ and then set-up and evaluate (you do have to complete
the integral and get a numeric answer) an integral to find the area of the region that is outside the circle and
inside the cardioid.

[16 pts] x

: x Intersection: 2+2cos@ =3
6

2co0sfd =1 = cosf ==
<% 1]

=ZinQI&QVI = 0=2&0=-%
16 pts (6 pts graphs & 4 pts setup integral & 3 pts card area & 2 pts circle area & 1 pt final answer)
Total Area: A=2-(Auy — Ay )=2- U 1(2+2c0s6f do- [ 1 4( dej

Aa= L 1(2+2cos0)°do
Acardzj 61(4+8cos¢9+4cos H)dé? I (2+4cose+2(:os H)de
= 2%(2+4c059+2 1[1+cos(20)])d6 = _[ “(2+4c0s@ +1+cos(20))d6

_ r *(3+4c0s6 +cos(20))d0 = 30 + 4sin 6+ Lsin (26
= (3[z]+ 4sin [z]+ Lsin (2[])) - (3[0]+ 4sin [0] + £ sin (2[0]))
= (2 +4sin(2)+ Lsin(2))-(0+0+0)

:%4-4.%4_%.@:%_'_2 %_27I+Z+%=27r+3+\/§
A= [, 11(3)d0

e [0 301

= (¢[z])-GloD

:3_7Z_O: 3z

4 2

Total Area: A=2-(Ay, — Ay )= 2 (2228005 32} 9. (Bons8eds)_ soaseds



13. Find an approximation of the definite integral j:e‘x3 dx by utilizing a series expansion: [12 pts total]

(Hint: Simply write the first four nonzero terms that will be used in the evaluation of the answer. You do not
have to actually convert the resulting fractions to their decimal form or combine them in any way.)

1 2 3 4
e =1+5x +5 X +5x +4x" +..
3 pts for initial series

= 1 3 1 3\ 1 3)\3

e —:|+ﬁ(_x ’ +§(—X ) +§(—X ) 4+ 4.
_:l 14,3 1 6 il 9

= —EX +§X —QX +...

3 pts for making new series

3
je‘x dx:j(l—ﬁx3 + X8 —5X° + . )dx =

_ 1 4 1 7 1 10

= x— Lyt gy Ly’ — Ly
=X—-& X" +x - X +..

— 14 i, 1 10
_X_ZX +ﬁX —%X A e

3 pts for integrating term-by-term

1 3 1
—X _ 1 V4 1 w7 1 10
Ioe dx—(x—zx +1g X — g5 X +...10

= (- 301 + &BT - 00 +..)- (o) 0] + &[0T - &[o1° +.)
==t i Ly =0 G= )
=1 -+ .

3 pts for plugging in and subtracting and final answer



14.  Find the first four nonzero terms of the Taylor Series for f(x) = cos(x) about x = Z.
[12 points]

09 (x) f®(c) ¢, = f®(c)/k!

f (x) = cos(x) cos(z)=2 Y= =2
f'(x)=—sin(x) —sin(z)=-1 =y =1
)mccosh)  —eoslg)=f BB
f7(x)=+sin(x)  sin(z)=3 W=f=ti=%

cos(x) =3 ~3(x—gf — ¢ (x=5) +5(x-5) +..
3 pts each term (2 pts per coeff & 1 pt x-terms)

N!a

N
Il
|
bla

Determine whether the following geometric series converges or diverges. If it converges, evaluate the sum.
15 Y [2.3v]
n=0

[9 pointsj
+w23n_31_3—2n=+w3.££2=
Z ; (32)

n=0

3.8

gn

DM

=]
I
o

— 50:3 (&) = [& = & <1= converge
n=0

lw

sum: i =2=2.2-27

2 pts find a and r-terms by rewriting or expanding series & 4 pts conv/div explanation & 3 pts sum



Determine whether the following series Converges Absolutely, Converges Conditionally, or Diverges. State the
convergence test used (Limit Comparison Test, Ratio Test, etc.) or identify the important features of any series
you use (example: “p-series with p=...”) for each step to explain your reasoning.

n®+3
16. i) Jpe
Z_;‘( ) n®+1

[9 points]

| = (n+1)°43 _ n2+.
il (n+1°+1  n®+.

\a\—u 2
5

3 - . .
= lim 22t-. 41— fim ot =2 =1= no informatio n

N N3+ N?243 iy Mo+

lim |

N— ool

Split up into Z+ and )+ use other tests.

n

Y (e .
n

; : +: nss
By Alternatin g Series Test z nZ=1: n’+1
1. Check decreasing By Limit Comparison Test
- - 2 2
By derivative method : a, = 222 = f(x)= <=2 Compare a, :@ to b, ::_22%
f '(X) _ 2x(x3+1}3x2(x2+3) — 2x*+2x-3x%-9x? |Im — ||m n°+3 +3 .h__ |Im n°+3n +3n —_1_ 1
<X3+l)2 (X3+1)2 n—w b" n—o +1 1 n—w N +l 1
2x( gz)zm — = = — = Decreasing finite & posrtlve = behave the same
X3+
2. Check terms — 0 Z% diverges because Harmonic
L'Hop n=1
lim 23 = lim 21 =lim 2 = 2= 0
now N+l noewo 3N° N

N %43 i
So " 2+2 diverges, too.
0 n=1
So > (~1)"" 22 converges.

4 pts test +/— series 4 pts test + series

If Zi converges but Z+ diverges, then Conditiona lly Convergent .
1 pt conclusion



Determine the interval of convergence of the following Power Series:

17. i;(x—l)"

~(n+3)-2"
[13 points]
2| =y -1" = Ja
im [ = i £33 7

= lim 4222 x~1 =

n+4

n+l

=
(n+4)-2"+

1|n+l

2" ne3 X

n+4 \x—l\"

n+1 n+l

1
n—w 22

b fx=g = 41

Forcelimit <1 = i[x-1<1= |[x-1<2 3 pts ratio test

Center :1  Radius :2
= (1-21+2)=(-13)

Need to check endpoints x =—-1and x =3

©

@x=-1= ;W(_l—l)n =Z(n+;)2 (-

n=! n=1 n=1

By Alternatin g Series Test
1. Check decreasing

By derivative method : a, = -1 =(n+3)" = f(x)=(x+3)"

f'(x)=-1(x+3)* = —1; = = = — = Decreasing

(x+3)%

2. Check terms — 0

1
Ilmw L1150

(=
Soz L converges.
n=1

= endpoint @ x =—1can be included/c losed

@x=3 = Zm@—l)”:}; T "=y
n=1

By Lim Comparison Test
Compare a, =5 = b, =1

lim — L. I|m
n—éaa 3 l

-=1=1=finite & positive = behave same

Now Z% diverges because it' s Harmonic
n=1

e
= > =L diverges, too.
n=1

= endpoint @ x = 3 can be excluded/o pen

2)” = Z (n(:;)

4 pts Alt Ser Test for +/- series

4 pts Lim Comp for + series

Interval of Convergence:—1< x<3 = [-13)
2 pts final interval & endpts



18. Initially, a tank contains 200 gal of water with 10 Ibs of salt dissolved in it.
A solution containing 4 Ib of salt/gal is then poured into the tank at a rate of 3 gal/min
and the mixed solution is drained from the tank at the same rate.
(@) Find an initial value problem whose solution is y(t), the amount of salt (in Ibs) at time t . (3 pts)
(b) Solve he differential equation for y(t)  (4pts)
(c) Determine the amount of salt in the tank after 60 min. (3 pts)

[Hint: Mixing Model: 3—{ =rate in — rate out]

rate of salt in : = Ls. 88 = Jbs — 4.3=12
water level : = no change since [rate in | = [rate out] = always 200 gal
rate of salt out : = 1s. S8 = s — V.3 2
% _ [rate of salt in [[rate of salt out]
d 3 d
= %= [L2h{Eh] = S +ey =12
LF. = el” el _ e
ot (d -
= e -(d—{+ﬁ )—e -(12)

it &y, 3 a7 ot
e a+2—006 y=12€

(eﬁy), =127

ety = lee%Wtdt

ey =12. 20 4 C =800e? +C

y =800+ Ce = 3 pts setup eq & 4 pts DE solution
y =800+Ce ™
@(0,10) = 10=800+Ce’* = C=-790
y =800 — 790¢ ¢
@t=60 = y=800—790e "
y =800 790e 7 ~ 478.81

3 pts eval (don’t have to turn to decimal — exponent is okay)



Direct Comparison Test:

If a,<b,and ) b, converges, then > a, converges.
n=1 =1

If b, <a,and ibn diverges, then ian diverges.
n=1 n=1

n—oo

Limit Comparison Test: I lim 22 = L and L > 0and finite, then both > a,and > b, behave
n=1 n=1

the same. That is, both series converge or both diverge.

Divergence Test: In order for a series Zan to converge, the terms a, must be going to zero. Just because
n=0
the terms in the series are going to zero does not automatically mean that it converges. However, if they go
to any other limit besides zero, the series definitely diverges:

If > a,and lima, =L=0,then ) a diverges.
n=0 =0 n=0

+00

Integral Test: Let Zun be a series with positive terms, and let f(x) be the function that results when n is
n=1

replaced by x. If f is decreasing and continuous on the interval [1,+ o ), then either

ZUH and r f (x)dx both converge or both diverge.
n=1 1

Alternating Series Test for either form " (-1)""a, or > (-1)"a,
n=1 n=1
Check that the following two conditions are met:

(1) Ignoring the + /- signs, check that the terms are decreasing. That is, make certain that a, >a_,
(2) Check that the terms are heading to zero. That is, make sure that lim a, =0

n—oo

If both conditions are satisfied, then the alternating series converges.

Ratio Test for Absolute Convergence:

. u L -
If lim M =L and L <1, then the series Zun converges absolutely. If L >1, then the series diverges.

n—oo |un| =1
If L =1, then the test provides no useful information and another test must be used.
Root Test for Absolute Convergence:

Iflim ¢/ju,| = L and L <1, then the series » u, converges absolutely. If L >1, then the series diverges.
n—oo nel
If L =1, then the test provides no useful information and another test must be used.

A series > u, converges absolutely if "|u,|converges.

n=1 n=1

A series > u, converges conditionally if »"|u |diverges and > u, converges.

n=1 n=1 n=1




